INTRODUCTION AND PRELIMINARIES
The first systematical treatment of reflexive modules over commutative rings was done by Bourbaki in [7, 41. He considered reflexive modules of finite type over a normal domain A, and generalized classical results about modules of finite type over Dedikind domains. Some special classes of reflexive modules had been previously considered. In particular, it is well known that the set of all reflexive modules of rank 1 over the domain A has a natural group structure.
This group (called the Divisor Class group) is an important invariant of the ring and plays an essential role in algebraic geometry.
Little is known about reflexive modules of rank greater than one, although it seems certain that they should play an important role in studying both global and local properties of algebraic varieties. In the present paper we generalize some known facts about reflexive modules and demonstrate the relations between them, the Brauer group, and vector bundles. It would be nice to have some geometric structure on some subsets of the set of reflexive modules. We shall return to this problem in a future paper.
The paper consists of four sections. In the first section we generalize results of Bourbaki on reflexive modules. In particular, we show how far his results can be extended. In the second section we study reflexive modules over local normal domains for which the ring of endomorphisms is a free module. In the third section we study reflexive modules over two-dimensional complete local normal domains. The last section is a complement to the second. There we compare the Brauer group of a two-dimensional singularity with the Brauer group of the surface obtained by a desingularization.
Each section is preceded by a short introduction to the results of that section. We now recall the definition of a reflexive module.
DEFINITION. Throughout the paper a normal domain will mean a Noetherian integrally closed domain. By the Class group of a normal domain we mean its Divisor Class group. If T is a module over a commutative ring B, then we denote by TM the corresponding quasi-coherent sheaf on Spec(i3). All schemes considered in this paper are separated.
COHERENT SHEAVES ON SUBSPACES OF CODIMENSION < 1 IN SCHEMES
The main results of this section generalize the theorems of Bourbaki on reflexive modules over normal domains. Our results are stated and proved in the sheaf-theoretical language, and some of them are valid for not necessarily affine schemes. A much more general situation was discussed in [30] , but, obviously, the theorem proved here cannot be generalized to that case.
(1 .I) Let us consider an integral scheme X of dimension K > 1. We shall denote by Xi the subspace in X of all points of codimension 1. This subspace has a natural structure of a ringed space with a structure sheaf 0, = &,I Xi (the restriction to Xi of the sheaf 0,). Thus, we may consider she&es of or,-modules.
Let F(X) be the category of quasi-coherent sheaves on the scheme X. A sheaf N of Uoxl-modules is called quasi-coherent if N = j*(M), where M is a quasi-coherent sheaf on X and j: Xi c+ X is the natural embedding. Let 3(X)x1 denote the full subcategory in S(X) consisting of all O,-modules M with j*(M) = 0. DEFINITION (1.2) (cf. [30] ). Let X be an integral scheme of dimension K > 1. The scheme X is called 1-Noetherian if there exists a finite open affine covering { Ui)iEr of X such that for all i E I an object O,, is Noetherian in the quotient category F( UJ/F( Ui)(Ui)l. DEFINITION (1.3). A 1-Noetherian scheme X is called l-regular if the local rings 0, are regular for all points x E Xi .
(1.4) Let X be a 1 -Noetherian scheme. The category 9(X,) of all quasicoherent sheaves on X, is Abelian and equivalent to the category S(X)/S(X)xl [30] . The Noetherian objects of 9(X,)
are called coherent sheaves on X, . In [18, No. 4 , Chap. 0, 51.3, 53.11 we have another definition of coherent (and quasi-coherent)
sheaves on a ringed space. It follows immediately from [30] that in our case the two definitions are equivalent.
We shall denote by F(X,)# (resp. g#(X)xl) the full subcategory in 9(X,) (resp. F(X)xl) of all coherent sheaves. The scheme X will often satisfy the following condition:
(1.5) There exists an invertible Oxl-module L such that for any coherent O,l-module M there is a positive integer n,(M) such that M @0X1 L@" is generated by global sections for n > n,(M) [I& No. 8, II, (4.5)].
THEOREM (1.6) . Let X = Spec(A) be a 1-Noetherian afine scheme. The following condilions are equivalent :
(i) For any torsion free sheaf ME .9(X,)+ there exists an exact sequence of O,l-modules 04;, -+M-+N-+O, where NE %(X1)+ is a torsion free sheaf of rank 1.
(ii) Any object E E 9(X,)* is a direct sum E = M @ T, where M is a torsion free subsheaf and T is a torsion subsheaf, M, T E 9(X&+.
(iii) X is a l-regular scheme.
The proof is contained in (1.7)-( 1.11). Actually, most of the theorem (except (ii), (iii) implies (i)) is proved for any (not necessarily affine) I-Noetherian scheme (see Remark (1.12) below). PROPOSITION (1.7). Let X be any (not necessarily afine) l-regular scheme. Then any object of the category 9(X,)+ is a direct sum of a torsion sheaf and a torsion free sheaf from 9(X,)#.
Furthermore, any torsion sheaf of the category S(X,)# can be written in a unique way as the finite direct sum where the Oi are local rings of the form 0, (codim(x) = 1) with maximal ideals mi E fii , gi: Spec(U,) 4 X, the natural embeddings, and si positive numbers.
Proof. Let M be an object of the category 9(X,)+. Let B C M be the maximal torsion subobject of M (so that D = M/B is a torsion free sheaf). It is enough to prove that Extir,(D, B) = 0.
As in [ 16, IV, (4. 2)] we can apply the spectral sequence of composition functors H"(X, , g&$X B)) * Ext&JD, B), Since any torsion coherent sheaf on Xi has support in a finite number of points, the last assertion of the proposition follows from the well-known characterization of modules of finite type over discrete valuation rings [7, 4, Proposition 231. PROPOSITION (1.8) . Let X be any (not necessarily afine) 1-Noetheriun scheme satisfying condition (1.5). If X satisfies one of the following two conditions: (a) for any torsion free sheaf M EF(X~)# of rank 2 generated by global sections there exists an exact sequence of O,I-modules
where N E 9(X,)+ is a torsion free sheaf of rank 1; (b) any object EEF(X~)# is a direct sum: E = M @ T, where M is a torsion free subsheaf and T a torsion subsheaf (M, T E 9(X,)@), then it is a 1 -regular scheme.
Proof.
Case (a). Suppose there is y E Xi such that the ring 0, is not regular. By the Akidzuki-Cohen theorem [26, Proposition 61 , there is an ideal J C 0, with the greatest number of generators among all ideals of 8, . Since the scheme X satisfies condition (1.5) we can find a coherent torsion free sheaf Qx, of rank 1 generated by global sections such that Q, m J.
We have an exact sequence of coherent U,l-modules where Px, is a torsion free O,l-module of rank 1. This sequence yields an exact sequence of 0,-modules
Because the number of generators of J @ J is greater than I+ (the number of generators of P,), we have a contradiction.
Case (b). To prove that X is a l-regular scheme, it is enough to show that Extiz(J, 0,/m& = 0 for any point x E X of codimension 1 and any ideal J C 0, .
Let x E X be a point of codimension 1. As before, we can find a torsion free 0, -module Qx, E 9(X,)+ such that Qr w J. Proof. Denote by K the quotient field of A. Every discrete valuation ring of the form A,(p C A) defines a discrete valuation z+, of rank 1 of the field K. Since X is I-Noetherian, for any element { E S, p # 0, there is at most a finite number of the valuations vup such that + is not a unit in A, . Hence S is a Krull domain [15, I, 11. A trivial verification, which we omit, shows that (1-i , cr,) = (X, , Oxl) (see also [15, I, 31) .
LEMMA
(1.10).
Let X = Spec(A) be a 1 -regular afine scheme and M c .F(X,)+ a torsion free sheaf of rank 2. Then there exists an exact sequence of Ozl-modules
where N E 9(X,)+ is torsion-free of rank 1.
Proof. It is enough to prove the assertion for the ring S = fihtP=i d, . In this case the proof is the same as in [7, 4 , Proof of Lemma 81.
(1.11) Lemma (1.10) and a simple induction (note that X is affine) prove that (iii) implies (i).
This completes the proof of Theorem (1.6).
Remark (1.12). Let X be any I-Noetherian scheme satisfying condition (1.5). Probably, condition (a) of Proposition (1.8) and conditions (ii), (iii) of Theorem (1.6) are equivalent. To prove it one must generalize Lemma (1.10) to the nonaffine case. Using Bertini's theorem Maruyama proved an analog of Lemma (1 .lO) for nonsingular projective surface [25, Lemma 3.11.
Remark (1.13) (cf. [2.5] ). Suppose X is a l-regular projective variety over algebraically closed field k. One can attempt to construct the moduli scheme of locally free sheaves of finite rank (i.e., vector bundles) on Xi . The main point is to prove some kind of "boundedness" theorem (see [25] ). For curves this means that the set of isomorphism classes of indecomposable vector bundles with fixed degree and rank is bounded. If dim(X) > 2 we must overcome many difficulties. For example, the first cohomology group Hl(X, , cOrl) fails to be a finite-dimensional vector space over k even for afline X. Maybe, one should consider instead vector bundles on X, (points of codimension <2) and try to generalize recent results of Maruyama [25] . In this case at least we have no problems with the first cohomology groups.
(1.14) Let X be a 1-Noetherian scheme. We recall in brief the definition of the Class group of l-cycles Cl(X) [I& No. 32, IV, (26.1)].
Let 3'(X) (resp. 3(X,)) denote a free Abelian group generated by the points of codimension 1 (resp. codimension <I).
Let sl(X)princ C 3'(X) be the subgroup of principal l-cycles, i.e., sums of the form C O,(f) {x} where f is a rational function on X and O,(f) the order off at the point x E Xi of codimension 1.
( PROPOSITION (1.17). For any l-regular scheme X the canonical map cyc is an isomorphism of groups.
The proof of this proposition is essentially due to Grothendieck [18, No. 32 , IV, (21.6.12)]. We omit the details. PROPOSITION (1.19 ). Let X = Spec(A) be a 1 -No&he&n ajine scheme. Then the homomorphism y induces the isomorphism z @ Cl(X) 9 G(X,).
PYOO~. We follow closely the idea of Eagon [12] . A prime-filtration @ of the sheaf E E F(X,)# is one whose factors are of the form (K/p / Xi) for various prime ideals p C A of height < 1. Every sheaf E E S(X,)# has a prime-filtration. We denote by n,(Q) the number of times that a factor isomorphic to (K/p, 1 X1), where ps is the prime ideal in the ring A corresponding to the point x E Xi , is associated with @. Consider sums of the following form where @ and @' are two arbitrary prime-filtrations of a given sheaf E. Denote by S the subgroup in 3(X,) generated by all such sums.
LEMMA (1.19.1). The homomorphism v induces the isomorphism 3(4)/S = WV-
The proof is the same as in Eagon's paper [12, Lemma] . Exactly as in [12 (ii) The ring A is factorial.
Proof. To prove (i) implies (ii) it is sufficient to show that Cl(X) R+ Pic(X,) = 0, i.e., for any ideal JC A, [det(]" 1 X1)] = 0 in Pic(X,). Let J be an ideal in A. We can find an ideal Q C A generated by two elements such that Q" 1 X, = J" ] X1 [7, 1, Exercise 111. By assumption, we have a finite resolution
Hence [det(J* j X,)] = 0. The converse is trivial. This proposition is a slight generalization of the theorem of Auslander and Buchsbaum [15, II, Theorem 9.11.
(1.123) Theorem (1.6) and Proposition (1.19) imply the results of Bourbaki on reflexive modules over normal domains [7, 4 , Proposition 17, Theorems 4 and 6J
REFLEXIVE MODULES FOR WHICH THE RING OF ENDOMORPHISMS IS PROJECTIVE
Throughout this section R will be a local normal domain with maximal ideal m and quotient field K. Our main result gives a description of the set of all reflexive R-modules M of finite type for which End,(M) is a projective R-module. We conclude the section with two propositions about reflexive modules. Let Z-~ be the fundamental group of the category Et, of all finite etale coverings of R [28, IV] . We have ri = proj lim(nri) where rrii = Aut,(S,).
The fundamental group ni acts in an obvious way on Cl(&) (z' E 1) and Cl(R). Let Cl(@ (resp. Cl(S,)"l) denote the subgroup of fixed element in Cl(R) (resp. Cl(S,)). Proof. We shall use the following criterion [IO, Lemma 1.21: An R-algebra A is an Azumaja algebra iff it is central projective of finite type and il, is an Azumaja Rp-algebra for every prime ideal p C R of height 1.
We claim that A = End,(M) has center R. Indeed, any element of the center is in K = center (K @ A), and any element of A is integral over R by the CayleyHamilton theorem. The result now follows from the normality of R. Now we shall prove that A is a projective R-module. Let P=@(oM)mM@sSn OEG be an S-module of rank n where n = j G i . For any 0 E G we can define an additive bijection 6 of P as follows:
where m E M, (T, Q-E G, and both elements of P have zero components except at the places 7 and 0~ respectively. One easily checks that 6(sp) = u(s) O(p) for every s E S, p E P, and ta = 7n for every ~,o E G. is a projective R-module. Therefore End,(P) is a projective R-module. Hence A is a projective R-module.
Because the last condition of the criterion is obviously satisfied, A is an Azumaja R-algebra.
LEMMA (2.7). Let S 3 B be a finite etale extension of a normal domain B.
If M is a reflexive S-module, then M is reflexive as a B-module. If N is a B-module such that N or, S is a rejlexive S-module, then N is a reflexive B-module. Furthermore, ayv S-module L is a direct summand of the S-module S OR L.
Proof. We shall prove only the last assertion. By assumption, there exists an idempotent e = XV x, @ yy E S 6& S such that the map: L + S 6&, L given by: m ++ y,. X, @ yVm is a splitting monomorphism.
Therefore we are done. 
Let [M'] E Cl(R~ b e a representative of 6 E Cl(@l/Cl(R).
Since the ring I? is Noetherian, there exists a Galois covering Si (i E I) and a rejexive ideal Mi C Sc such that M' M R as, Mi and a(Mi) m Mi as S,-modules for every 0 E ~~ . By Proposition (2.6), the R-algebra End, (M,) gives an element of the group Br(K/R) (see also (2.8)). DeJine 
LEMMA (2.12).
The map 7 is a monomorphism of groups.
Proof. Let S = Si (i E I) be a Galois covering of R, and [T], [L] E Cl(S)nl. As in the proof of Proposition (2~9, the descent theory implies that L OR S m @r L m N OR S for some R-module N. Hence End,(T OR L) OR End,(S) M End,(T OR N OR S) = End,( T OR N) OR End,(S). This implies End,( T OR L) OR End,(S) w End,(T OS S @R N) @R End,(S) w End,(T as (0' L)) @R End,(S) = EndR((@ T) @,L) @R End,(S).
This completes the proof of this lemma and Theorem (2.3).
The following proposition was proved by M. Auslander (see remark of MacRae in [24, p. 7461 ). Because we were unable to find a proof in the literature we shall give a proof here.
PROPOSITION (2.13) (Auslander).
Let B be a normal domain, and M a rejexive B-module of jinite type and finite homological dimension such that the B-algebra ,4 = End,(M) is projective as B-module. Then M is a projective B-module.
Proof. By Theorem (2.4) A is an Azumaja B-algebra. We can suppose B to be local. Let S be a maximal commutative subalgebra of the algebra A. It is a splitting ring for A, and the B-module S is free with rank,(M) = rank,(S) [20, Theorem 6.4, p. 1811. By Lemma (2.7), M is a reflexive S-module of rank 1 and M 0 T e S @JR M for an S-module T. Hence hds(M) < co. Therefore [M] = 0 in Cl(S) [7, 4. 71, so M is a projective S-module. Hence M is a free B-moduie.
PROPOSITION (2.4).
For any normal domain B the following conditions are equivalent :
(i) The domain B is regular of dimension ,<2.
(ii) All reflexive B-modules of rank 2 are projective.
The ring of endomorphisms of any reflexive B-module of rank <4 is a projective B-module.
Proof. (i) + (ii), (iii),
This is well known.
(ii) 2. (i). Suppose B is not regular. Then dim(B) > 2, and there is a prime ideal p C B such that the local ring C = B, is not regular. If dim(C) = 2, then it is easy to find two ideals P = (a, 6), Q == (a, b, c) in C such that ann,(Q/P) = pC. We have an exact sequence of C-modules O-P-Q-tQ/P-tO, where, by our assumptions, hd,(P), hd,(Q) < 1. Since hd,(QjP) = co, a contradiction.
We omit the trival verification that dim(C) cannot be greater than 2.
(iii) =z-(ii). Since the ring of endomorphisms of any reflexive B-module of rank 2 is projective, every prime ideal of height 1 in B is invertible. Indeed, if q C B is a minimal noninvertible prime ideal, then, by assumptions, End,(B @ q) is a projective B-module.
Because this module contains as a direct summand a nonprojective B-module Hom,(q, B), we have a contradiction. Now we can suppose B to be local. Let M be a reflexive B-module of rank 2 such that the B-algebra =1 = End,(M) is projective as B-module. Hence A is an Azumaja B-algebra. The splitting ring S C A is semilocal and S is a free B-module of rank 2 [20, Theorem 6.4, p. 1811. Furthermore [A] E Br(SIB). We claim that 5' is a factorial domain, Indeed, any reflexive S-module N of rank 2 is reflexive and has rank 4 as a B-module (Lemma (2.7)). By Lemma (2.7), the S-module End,(N) is a direct summand of a projective S-module End$(S @a N). Therefore End,(N) is a free S-module. Hence the previous argument shows that S is a factorial domain. Because End,(S OR M) is a trivial Azumaja S-algebra, Lemma (2.5) implies that S @a M is a free S-module. Therefore M is a free B-module.
I don't know whether the number 4 in (iii) is the best possible.
REFLEXIVE MODULES OVER TWO-DIMENSIONAL LOCAL NORMAL DOMAINS. RATIONAL SINGULARITIES
In this section we study reflexive modules over two-dimensional complete local normal domains. The method we use was introduced by Mumford in his investigation of the Class group of two-dimensional normal singularities [27] . In short, his method consists of the following. We resolve the singularity and look at the Picard group of the neighborhood of the exceptional fiber. Then the Class group is a factor group of this Picard group. Using the methods of Grothendieck's formal geometry Danilov ([ll], etc.) proved some deep results on the Class group of a complete domain. For a survey of his results see [ 151, [23] . This method was especially useful when the singularity is rational (see Artin [I, 21, Brieskorn [9] , Lipman [21] ). Although their results give the description of the Class group of complete rings of some rational singularities, little is known about reflexive modules of rank n > 1.
The case of reflexive modules of rank 1 is much simpler. The Class group has a natural group structure which allows to introduce a geometric structure. This doesn't work for the set of reflexive modules of rank n > 1.
Recently Boutot [8] applied Artin's criterion of representability [4] to the investigation of the Class group. This criterion and the deformation theory (Schlessinger's local criterion) suggest a new approach to the investigation of reflexive modules over complete local rings.
The main results of this section are Proposition (3.5) and Theorem (3.9). As a corollary we get a desciption of reflexive modules over complete twodimensional cone (see (3.1 l), (3.13) and (3.14)).
(3.1) Let X be an integral scheme. A coherent O,-module is called reflexive if M w M**. We denote by 5?(X) (resp. a,(X)) the set of all reflexive sheaves (resp. all reflexive sheaves of rank n) on X. Let Vect(X) (resp. Vect,(X)) denote the set of all vector bundless (resp. all vector bundles of rank n) on X. If X = Spec(A) we also use the notationsg(A), Vect(A),..., instead ofg(X), Vect(X),..., The map 7 is surjective. Indeed, any reflexive A-module of finite type gives a unique vector bundle on +--'( v\(m)). S' mce X is two-dimensional and regular, we can extend this bundle (nonuniquely) to a vector bundle on X.
Thus, we can divide the problem about reflexive modules over the domain A into two parts: investigation of Vect(X) and invesigation of of the "kernel" of the map?. In this section we will deal only with the first part of the problem.
We collect together some known facts.
(3.4) It is known (Abhyankar, Hironaka; see [22] ) that the singularity of the normal domain A can be resolved by a monoidal transformation, namely, there exists an ideal I C A with V(1) = {m} such that the monoidal transformation with center in I:
is a resolution of the singularity. Let us prove that this map is injective. If L is a locally free sheaf on X such that the induced sheaf 2 is free, then there are sections P ,...> E" E HO(X, t) which have nowhere zero determinant.
By [18, No. 11, III, (5. 4) . Therefore, the proposition will follow from LEMMA (3.6). Let 2' be a one-dimensional Noetherian scheme. Let ozO = Uz/I be a structure sheaf of a closed subscheme 2, C Z defined by a sheaf of ideals I C 0, with I2 = 0. Then for any locally free Oz, -module M0 there is a locally free ozmodule M such that M 00, LozO = M0 .
By [19, IV, Proposition 3.151, an obstruction to the lifting of the locally free OzO-module M,, lies in the group Exti=JM,, ,...). We claim that this group is trivial. In fact, since H'(Z,, ,...) = 0, the spectral sequence of composition functors [16] : 
THEOREM (3.9).
With the notation of (3.8), the map N1(X, %'(n, Lo,)) -ffl(F, SfCn, 0~))
is bijective for any integer n > 0.
Proof.
One can show exactly as in Proposition (3.5) that the map is bijective. Instead of the ideal I we should consider the ideal m C A. In general, the morphism P is no longer a monoidal transformation with center in M but that doesn't affect the proof.
Thus, it remains to show that the natural map Then every rejlexive A-module is a direct sum of reflexive A-modules of rank 1. Such decomposition is unique.
Proof. We can resolve singularity of Spec(A) by blowing up the closed point. The exceptional fiber of this resolution consists only of one rational smooth k-curve. The result now follows from (3.3), (3.9), and the Krull-Schmidt theorem.
Remark (3.12). Th ere exists an indecomposable reflexive module of rank >l over any two-dimensional nonregular factorial domain, in particular, over rational singularities of type E, [21, Theorem 25.1)]. On the other hand, we conjecture the following:
Let (A, m) be a complete local normal domain of dimension 2 and k = A/m be algebraically closed of char(k) # 2. Then A is a cone as in (3.11) iff every reflexive A-module is decomposable into a direct sum of rank 1 submodules. COROLLARY His proof is purely cohomological and doesn't give an explicit form of the map 7'. 
